Abstract: In this article, we obtain fixed point results under some rational contractive conditions for mappings in the setup of ordered ρ-metric spaces. Also, three examples and an application to existence of local solutions for first-order periodic problems are provided to illustrate the results presented herein.
Introduction
The field of extension of metric space is a growing field these years. The famous extensions of the concept of metric spaces have been done by (Czerwik, 1993) and (Matthews, 1994) where they introduced and studied the concepts of b-metric spaces and partial metric spaces, respectively. In this article, we introduce some type of Geraghty contractive mappings and comparison contractive mappings in extended b-metric spaces and we establish some fixed point results in complete partially ordered extended b-metric spaces. Our results generalize several comparable results in the literature.
Preliminaries
Recall (see (Czerwik, 1993) ) that a b-metric b on a set X is a generalization of standard metric, where the triangular inequality is replaced by bðx; zÞ s½bðx; yÞ þ bðy; zÞ; x; y; z 2 X; (2:1) for some fixed s ! 1. For more details on fixed point results and their applications in b-metric spaces we refer the reader to (Ali, Kamran, & Postolache, 2017; Kamran, Postolache, Ali, & Kiran, 2016; Shatanawi, Pitea, & Lazovic, 2014) . Motivated by the concept of b-metric spaces, the following further generalization has been recently presented by Parvaneh and Ghoncheh. ABOUT THE AUTHOR Vahid Parvaneh The authors of this article have been working on problems in metric fixed point theory for several years, together or with some other coauthors. Various results were obtained in different setups, generalizing some of the well-known theorems of this theory. In particular, V. Parvaneh, together with Ghoncheh, introduced a new environment, called p-metric spaces, which was further developed to obtain various new fixed point results. It is the area of research in which several new results are expected.
PUBLIC INTEREST STATEMENT
Metric fixed point theory is a powerful tool for solving several problems in various parts of mathematics and its applications. In this article, we propose a new generalized approach to fixed point problems using so-called p-metric (or extended b-metric) and more general contractive conditions. We show how the obtained results can be applied to prove the existence of solutions of some involved boundary valued problems for differential equations.
Definition 2.1. (Parvaneh & Hosseini Ghoncheh) Let X be a (nonempty) set. A function e d : X Â X ! ½0; 1Þ is an extended b-metric (p-metric, for short) if there exists a strictly increasing continuous function Ω : ½0; 1Þ ! ½0; 1Þ with Ω À1 ðtÞ t ΩðtÞ for all t ! 0 and Ω À1 ð0Þ ¼ 0 ¼ Ωð0Þ such that for all x; y; z 2 X, the following conditions hold:
(P 1 ) e dðx; yÞ ¼ 0 iff x ¼ y, (P 2 ) e dðx; yÞ ¼ e dðy; xÞ, (P 3 ) e dðx; zÞ Ωð e dðx; yÞ þ e dðy; zÞÞ:
In this case, the pair ðX; dÞ is called a p-metric space, or an extended b-metric space.
It should be noted that each b-metric is a p-metric, with ΩðtÞ ¼ st for some s ! 1, while each metric is a p-metric, with ΩðtÞ ¼ t. More general examples of p-metrics can be constructed using the following easy proposition. Proposition 2.2. Let ðX; bÞ be a b-metric space with coefficient s ! 1 and let e dðx; yÞ ¼ ðbðx; yÞÞ where : ½0; 1Þ ! ½0; 1Þ is a strictly increasing continuous function with t ðtÞ for t ! 0 and ð0Þ ¼ 0. Then, d is a p-metric with ΩðtÞ ¼ ðstÞ.
Taking various functions in the previous proposition, we can obtain a lot of examples of p-metrics. We state just a few of them which will be used later in the text. (Dence, 2013) ). 4) If ðtÞ ¼ t cosh t, then e dðx; yÞ ¼ bðx; yÞ cosh bðx; yÞ and ΩðtÞ ¼ st coshðstÞ, for t ! 0.
Note that such functions and Ω generate p-metric spaces which are usually not b-metric spaces. For instance, in the case (2) of the previous example (if bðx; yÞ ¼ ðx À yÞ 2 ), it was shown in (Parvaneh, Dinmohammadi, & Kadelburg) that there is no s such that d is a b-metric with parameter s.
Definition 2.4. (Parvaneh & Hosseini Ghoncheh) Let ðX; dÞ be a p-metric space. Then a sequence x n f g in X is called:
(a) p-convergent if there exists x 2 X such that e dðx n ; xÞ ! 0, as n ! 1. In this case, we write lim
(b) p-Cauchy if e dðx n ; x m Þ ! 0 as n; m ! 1.
(c) The p-metric space ðX; dÞ is p-complete if every p-Cauchy sequence in X p-converges.
We will need the following simple lemma about the p-convergent sequences. e dðx n ; y n Þ lim sup n!1 e dðx n ; y n Þ Ω 2 ð e dðx; yÞÞ:
In particular, if x ¼ y, then lim n!1 e dðx n ; y n Þ ¼ 0. Moreover, for each z 2 X we have Ω À1 ð e dðx; zÞÞ lim inf n!1 e dðx n ; zÞ lim sup n!1 e dðx n ; zÞ Ωð e dðx; zÞÞ:
Some generalizations of Banach Contraction Principle were obtained, starting from (Jaggi, 1977) , by using rational contractive conditions in various spaces. On the other hand, Ran and Reurings initiated the studying of fixed point results on partially ordered sets in (Ran & Reurings, 2004) , which was widely used in a lot of subsequent papers. Geraghty-type contractive conditions (Geraghty, 1973) were also the matter of investigation of several researchers (see, e.g. (Duki, Kadelburg, & Radenovi, 2011) ).
In this article, we introduce the notions of rational Ω-Geraghty contractive mappings (in three versions) and rational Ω-ψ contractive mappings in p-metric spaces and we establish some fixed point results in complete partially ordered p-metric spaces. Our results generalize several comparable results in the literature. Also, three examples and an application to existence of local solutions for first-order periodic problems are provided to illustrate the results presented herein.
Main results
In the rest of the article, ðX; dÞ will always be a p-metric space with function Ω.
Fixed point results via generalized Geraghty functions
Let B Ω denote the class of all functions β : ½0; 1Þ ! ½0; Ω À1 ð1ÞÞ satisfying the following condition:
implies that t n ! 0; as n ! 1: A partially ordered p-metric space ðX;d; 0 Þ is said to have the sequential limit comparison property (s.l.c. property) if for every non-decreasing sequence x n f g in X, the convergence of x n f g to some x 2 X yields that x n 0 x for all n 2 N. Proof. Let x n ¼ f n ðx 0 Þ for all n ! 0. Since x 0 0 f ðx 0 Þ and f is a nondecreasing mapping, we obtain by induction that
If x nÀ1 ¼ x n for some n 2 N, there is nothing to prove. So, we will assume that e dðx nÀ1 ; x n Þ > 0 for all n 2 N. We will realize the proof in the following steps.
Step I: We will show that lim n!1 e dðx n ; x nþ1 Þ ¼ 0. Since x n 0 x nþ1 for each n 2 N, then by (3.1) we have e dðx n ; x nþ1 Þ ¼ e dðfx nÀ1 ; fx n Þ Ωð e dðfx nÀ1 ; fx n ÞÞ βðMðx nÀ1 ; x n ÞÞMðx nÀ1 ; x n Þ; (3:2)
where
maxf e dðx nÀ1 ; x n Þ; e dðx n ; x nþ1 Þg:
If maxf e dðx nÀ1 ; x n Þ; e dðx n ; x nþ1 Þg ¼ e dðx n ; x nþ1 Þ, then from (3.2) we would have e dðx n ; x nþ1 Þ βð e dðx n ; x nþ1 ÞÞ e dðx n ; x nþ1 Þ < Ω À1 ð1Þ e dðx n ; x nþ1 Þ < e dðx n ; x nþ1 Þ;
which is a contradiction. Hence, maxf e dðx nÀ1 ; x n Þ; e dðx n ; x nþ1 Þg ¼ e dðx nÀ1 ; x n Þ. So, from (3.2), e dðx n ; x nþ1 Þ βðdðx nÀ1 ; x n ÞÞ e dðx nÀ1 ; x n Þ < e dðx nÀ1 ; d n Þ:
Since f e dðx n ; x nþ1 Þg is a decreasing sequence, there exists r ! 0 such that lim n!1 e dðx n ; x nþ1 Þ ¼ r. We will prove that r ¼ 0. Suppose on contrary that r > 0. Then, letting n ! 1 in (3.3) we have r lim n!1 βð e dðx nÀ1 ; x n ÞÞr; which implies that Ω À1 ð1Þ 1 lim n!1 βðdðx nÀ1 ; x n ÞÞ. Now, as β 2 B Ω we conclude that e dðx nÀ1 ; x n Þ ! r ¼ 0 a contradiction. That is,
(3:4)
Step II: Now, we prove that the sequence x n f g is a p-Cauchy sequence. Suppose the contrary. Then there exists ε > 0 for which we can find two subsequences x m i È É and x n i È É of x n f g such that n i is the smallest index for which n i > m i > i and e dðx m i ; x n i Þ ! ε:
This means that e dðx m i ; x n i À1 Þ < ε:
From (3.4) and using the triangular inequality, we get ε e dðx m i ; x n i Þ Ω½ e dðx m i ; x m i þ1 Þ þ e dðx m i þ1 ; x n i Þ:
By taking the upper limit as i ! 1, we get
From the definition of Mðx; yÞ and the above limits,
Now, from (3.1) and the above inequalities, we have
βðMðx m i ; x n i À1 ÞÞ which implies that Ω À1 ð1Þ 1 lim sup i!1 βð e dðx m i ; x n i À1 ÞÞ. Now, as β 2 B Ω we conclude that e dðx m i ; x n i À1 Þ ! 0. Consequently,
a contradiction to (3.5). Therefore, x n f g is a p-Cauchy sequence. p-completeness of X yields that x n f g p-converges to a point u 2 X.
Step III: u is a fixed point of f . First, let f be continuous. Then, we have
Now, let (II) hold. Using the assumption on X we have x n 0 u. By Lemma 2.5 max e dðx n ; uÞ; e dðx n ; fx n Þ e dðu; fuÞ 1 þ e dðx n ; uÞ ; e dðx n ; fx n Þ e dðu; fuÞ 1 þ e dðfx n ; fuÞ
Therefore, from the above relations, we deduce that e dðu; fuÞ ¼ 0, so, u ¼ fu.
Finally, suppose that the set of fixed point of f is well ordered. Assume on contrary, that u and v are two fixed points of f such that uÞv. Then, for example u 0 v, and by (3. Then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f has a unique fixed point.
Proof. The method of proof is similar to the proof of Theorem 6 of (Zabihi & Razani, 2014) and the previous theorem. for all x; y 2 X with x 0 y, where Proof. Put x n ¼ f n ðx 0 Þ.
Step I: We will show that lim n!1 e dðx n ; x nþ1 Þ ¼ 0. Since x n 0 x nþ1 for each n 2 N, then by (3.6) we have e dðx n ; x nþ1 Þ ¼ e dðfx nÀ1 ; fx n Þ Ωð e dðfx nÀ1 ; fx n ÞÞ βðMðx nÀ1 ; x n ÞÞMðx nÀ1 ; x n Þ βð e dðx nÀ1 ; x n ÞÞ e dðx nÀ1 ; x n Þ < Ω À1 ð1Þ e dðx nÀ1 ; x n Þ e dðx nÀ1 ; x n Þ; because Mðx nÀ1 ; x n Þ ¼ max e dðx nÀ1 ; x n Þ; e dðx nÀ1 ; fx nÀ1 Þ e dðx n ; fx n Þ 1 þ Ω½ e dðx nÀ1 ; x n Þ þ e dðx nÀ1 ; fx n Þ þ e dðx n ; fx nÀ1 Þ ( ; e dðx nÀ1 ; fx n Þ e dðx nÀ1 ; x n Þ 1 þ Ωð e dðx nÀ1 ; fx nÀ1 ÞÞ þ Ω 3 ½ e dðx n ; fx nÀ1 Þ þ e dðx n ; fx n Þ
)
¼ max e dðx nÀ1 ; x n Þ; e dðx nÀ1 ; x n Þ e dðx n ; x nþ1 Þ 1 þ Ω½ e dðx nÀ1 ; x n Þ þ e dðx nÀ1 ; x nþ1 Þ þ e dðx n ; x n Þ ( ; e dðx nÀ1 ; x nþ1 Þ e dðx nÀ1 ; x n Þ 1 þ Ωð e dðx nÀ1 ; x n ÞÞ þ Ω 3 ½ e dðx n ; x n Þ þ e dðx n ; x nþ1 Þ ) max e dðx nÀ1 ; x n Þ; e dðx nÀ1 ; x n Þ½ e dðx n ; x nÀ1 Þ þ e dðx nÀ1 ; x nþ1 Þ Ω½ e dðx nÀ1 ; x n Þ þ e dðx nÀ1 ; x nþ1 Þ þ e dðx n ; x n Þ ( )
Therefore, f e dðx n ; x nþ1 Þg is decreasing. Similar to what have been done in Theorem 3.2, we have lim n!1 e dðx nÀ1 ; x n Þ ¼ 0: (3:7)
This means that e dðx m i ; x n i À1 Þ < ε: (3:9)
From (3.8) and using the triangular inequality, we get ε e dðx m i ; x n i Þ Ω½ e dðx m i ; x m i þ1 Þ þ e dðx m i þ1 ; x n i Þ:
e dðx m i þ1 ; x n i Þ:
Using the triangular inequality, we have e dðx m i ; x n i Þ Ω½ e dðx m i ; x n i À1 Þ þ e dðx n i À1 ; x n i Þ:
Taking the upper limit as i ! 1 in the above inequality and using (3.7) and (3.9) we get lim sup
e dðx m i ; x n i Þ ΩðεÞ: (3:10)
Again, using the triangular inequality, we have e dðx m i ; x n i Þ Ω½ e dðx m i ; x m i þ1 Þ þ Ω½ e dðx m i þ1 ; x n i À1 Þ þ e dðx n i À1 ; x n i Þ:
Taking the upper limit as i ! 1 in the above inequality and using (3.9) we get lim sup 
Now, from (3.6) and the above inequalities, we have βðMðx m i ; x n i À1 ÞÞ. Now, as β 2 B Ω we conclude that x n f g is a p-Cauchy sequence. p-completeness of X yields that x n f g p-converges to a point u 2 X.
The rest of the proof is done in a similar manner as in Theorem 3.2.
Choosing different p-metrics, as well as functions β 2 B Ω , we can obtain various corollaries from the above theorems. For example, using the p-metric space mentioned in Example 2.3.(3) and an appropriate constant function β, we obtain from Theorems 3.2 and 3.4 the following two corollaries.
Corollary 3.7. Let ðX; b; 0 Þ be a partially ordered b-complete b-metric space with parameter s ! 1, and let f : X ! X be an increasing mapping with respect to 0 such that there exists an element x 0 2 X with x 0 0 f ðx 0 Þ. 
If f is continuous, or ðX; b; 0 Þ has the s.l.c. property, then f has a fixed point.
Corollary 3.8. Let ðX; b; 0 Þ be a partially ordered b-complete b-metric space with parameter s ! 1, and let f : X ! X be an increasing mapping with respect to 0 such that there exists an element x 0 2 X with x 0 0 f ðx 0 Þ. for all x; y 2 X with x 0 y, where α; β; γ ! 0 and 0 α þ β þ γ < Ω À1 ð1Þ, ΩðtÞ ¼ ste st . If f is continuous, or ðX; b; Þ has the s.l.c. property, then f has a fixed point.
Consider now the p-metric defined as in Example 2.3.(1) (for simplicity, take s ¼ 1) and the function β 2 B Ω given as
where γ > 0 and δ 2 ð0; ln 2Þ (recall that ΩðtÞ ¼ e t À 1, Ω À1 ðtÞ ¼ lnð1 þ tÞ and Ω À1 ð1Þ ¼ ln 2). Then we obtain the following corollary of Theorems 3.2 and 3.4.
Corollary 3.9. Let ðX; m; 0 Þ be a partially ordered complete metric space, and let f : X ! X be an increasing mapping with respect to 0 such that there exists an element x 0 2 X with x 0 0 f ðx 0 Þ. Suppose that e e mðfx; fyÞ À1 À 1 ln 2 Á e ÀγMðx;yÞ Á Mðx; yÞ (3:11)
for some γ > 0 and all x; y 2 X with x y, where 
If f is continuous, or ðX; m; 0 Þ has the s.l.c. property, then f has a fixed point.
Fixed point results via comparison functions
Let Ψ be the family of all nondecreasing functions ψ : ½0; 1Þ ! ½0; 1Þ such that
Lemma 3.10. If ψ 2 Ψ, then the following are satisfied:
(a) ψðtÞ < t for allt > 0;
(b) ψð0Þ ¼ 0.
Theorem 3.11. Let ðX;d; 0 Þ be a partially ordered p-complete p-metric space, and let f : X ! X be an increasing mapping with respect to 0 such that there exists an element x 0 2 X with x 0 0 f ðx 0 Þ. Suppose that Ω½ e dðfx; fyÞ ψðMðx; yÞÞ (3:13)
for some ψ 2 Ψ and for all x; y 2 X with x 0 y, where Mðx; yÞ ¼ max e dðx; yÞ; e dðx; fxÞ e dðy; fyÞ 1 þ e dðx; yÞ ; e dðx; fxÞ e dðy; fyÞ 1 þ e dðfx; fyÞ
If f is continuous, or ðX;d; 0 Þ has the s.l.c. property, then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f has one and only one fixed point.
Proof. Repeating the beginning of the proof of Theorem 3.2, we obtain the increasing sequence x n f g, x n ¼ f n x 0 such that e dðx n ; x nþ1 Þ > 0 and, this time, e dðx n ; x nþ1 Þ ψð e dðx nÀ1 ; x n ÞÞ:
By induction, we get that e dðx nþ1 ; x n Þ ψð e dðx n ; x nÀ1 ÞÞ ψ 2 ð e dðx nÀ1 ; x nÀ2 ÞÞ Á Á Á ψ n ð e dðx 1 ; x 0 ÞÞ:
As ψ 2 Ψ, we conclude that lim n!1 e dðx n ; x nþ1 Þ ¼ 0:
Now, we prove that the sequence x n f g is a p-Cauchy sequence. Suppose the contrary, i.e. Then, again as in Theorem 3.2, there exists ε > 0 for which we can find two subsequences x m i È É and x n i È É of x n f g such that n i is the smallest index for which n i > m i > i and e dðx m i ; x n i Þ ! ε:
Obviously,
From the definition of Mðx; yÞ and the above limits we can conclude that lim sup
Now, from (3.13) and the above inequalities, we have ψðMðx m i ; x n i À1 ÞÞ ψðεÞ < ε which is a contradiction. Consequently, x n f g is a p-Cauchy sequence.
p-completeness of X yields that x n f g p-converges to a point u 2 X. If f is continuous, we have
and u is a fixed point of f . Again, taking the upper limit as n ! 1 in (3.14) and using Lemma 2.5 and (3.15) we get e dðu; fuÞ lim sup n!1 Ω½ e dðx n ; fuÞ lim sup n!1 ψðMðx nÀ1 ; uÞÞ ¼ 0:
So, we get e dðu; fuÞ ¼ 0, i.e. fu ¼ u. □ Remark 3.12. In Theorem 3.11, we can replace Mðx; yÞ by the expressions used in Theorems 3.4 or 3.6.
Similarly as for Theorems 3.2, 3.4 and 3.6, we can get several consequences of Theorem 3.11, using various p-metrics and/or various functions ψ 2 Ψ. We state just the following, based on Example 2.3.(4).
Corollary 3.13. Let ðX; b; 0 Þ be a partially ordered b-complete b-metric space with parameter s, and let f : X ! X be an increasing mapping with respect to 0 such that there exists an element x 0 2 X with x 0 0 f ðx 0 Þ. Suppose that s Á bðfx; fyÞ coshðbðfx; fyÞÞ coshðs Á bðfx; fyÞ coshðbðfx; fyÞÞÞ ψðMðx; yÞÞ; where Mðx; yÞ ¼ max bðx; yÞ coshðbðx; yÞÞ; bðx; fxÞ coshðbðx; fxÞÞbðy; fyÞ coshðbðy; fyÞÞ 1 þ bðx; yÞ coshðbðx; yÞÞ ; & bðx; fxÞ coshðbðx; fxÞÞbðy; fyÞ coshðbðy; fyÞÞ 1 þ bðfx; fyÞ coshðbðfx; fyÞÞ ' for some ψ 2 Ψ and all x; y 2 X with x 0 y. If f is continuous, or ðX; b; 0 Þ has the s.l.c. property, then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f has one and only one fixed point.
Remark 3.14. As any b-metric is a p-metric with ΩðtÞ ¼ st for all t 2 ½0; 1Þ, so our results modify the obtained results in (Shahkoohi & Razani, 2014; Zabihi & Razani, 2014) and several other articles.
Examples
Example 4.1. Let X ¼ ½0; 2:75 be equipped with the p-metric e dðx; yÞ ¼ e Define a relation 0 on X by x 0 y iff y 0 x, a mapping f : X ! X by and consider the mapping f : X ! X given by f : 0 1 2 3 0 0 1 1 :
Then, X is a partially ordered p-complete p-metric space and f is a nondecreasing mapping. Take the function β 2 B Ω given by βðtÞ ¼ ln 2 Á e À0:04 t ; t > 0; δ; t ¼ 0; & where 0 < δ < ln 2 (i.e. take γ ¼ 0:04 in Corollary 3.9). We will check the condition (3.11) of this corollary. Considering elements x; y 2 X with x 0 y, the following cases are nontrivial.
(1) x ¼ 3, y ¼ 1. Hence, all the conditions of Corollary 3.9 are fulfilled and the mapping f has a (unique) fixed point (which is u ¼ 0).
Note that the same conclusion could not be obtained if the space without partial order were used. Indeed, in this case we should have also the following case to consider. 
and it is trivial to check that the condition (3.11) does not hold. In fact, none of the known fixed point results can be used to obtain the conclusion in this case. So, from Theorem 3.11, f has a fixed point.
Application to existence of local solutions for first-order periodic problems
In this section, we present an application to existence of a solution for a periodic problem which is a consequence of Theorem 3.11. This kind of application first appeared in (Nieto & Rodríguez-López, 2007) .
Let X ¼ CðIÞ be the set of all real continuous functions on I ¼ ½0; T where T < 2:5. Obviously, this space with the p-metric given by e dðx; yÞ ¼ e for all x; y 2 X is a p-complete p-metric space with ΩðtÞ ¼ e t À 1. Secondly, X can also be equipped with a partial order given by x y iff xðtÞ yðtÞfor all t 2 I:
Moreover, as in (Nieto & Rodríguez-López, 2007) , it can be proved that ðX; Þ enjoys the s.l.c. property.
Consider the following first-order periodic boundary value problem Assume that there exists λ > 0 such that, for all x; y 2 X and t 2 I, we have f ðt; xðtÞÞ þ λxðtÞ À f ðt; yðtÞÞ À λyðtÞ j j λ 2 ð xðtÞ À yðtÞ j j Þ :
Problem (5.1) can be rewritten as The mapping S is nondecreasing (Harjani & Sadarangani, 2009) . Note that if u 2 C 1 ðIÞ is a fixed point of S then u is a solution of (5.1). Finally, let α be a lower solution for (5.1). In (Harjani & Sadarangani, 2009) , it was shown that α SðαÞ.
Hence, the hypotheses of Theorem 3.11 are satisfied with ψðtÞ ¼ e 1 2 t À 1. Therefore, there exists a fixed pointx 2 CðIÞ such that Sx ¼x. Thisx is then a solution of problem (5.1).
Conclusion
Taking ΩðtÞ ¼ st, our obtained results coincide with the results in usual b-metric spaces and taking ΩðxÞ ¼ x, the obtained results coincide with the results in usual metric spaces.
